A new approximate analytical technique to address for non-linear problems, namely Optimal Homotopy Asymptotic Method (OHAM) is proposed and has been applied to thin film flow of a fourth grade fluid down a vertical cylinder. This approach however, does not depend upon any small/large parameters in comparison to other perturbation method. This method provides a convenient way to control the convergence of approximation series and allows adjustment of convergence regions where necessary. The series solution has been developed and the recurrence relations are given explicitly. The results reveal that the proposed method is very accurate, effective and easy to use. 
Introduction
Over the last few years, a number of investigators [1] [2] [3] [4] [5] [6] [7] have involved the study of non-Newtonian fluids. The study of non-Newtonian fluids is very important in view of its potential applicability in the fields of engineering and technology. Examples of such fluids include blood, drilling muds, clay coating and other suspensions, certain oils and greases, polymer melts, elastomers and many emulsions. Non-Newtonian fluids may be defined as: fluids for which the shear stress depends on the shear rate, fluids for which the relation between the shear stress and shear rate depends upon the time and fluids which possess both elastic and viscous properties, which are called viscoelastic fluids or elastic-viscous fluids. It is very difficult to suggest a simple model which exhibits all properties of nonNewtonian fluids. Therefore, several fluid models have been proposed to predict the non-Newtonian behaviour of various types of materials. The most popular model for non-Newtonian fluid designated the "second grade", generally involves simple calculations and it is thus feasible to obtain analytical solutions. The "second grade" fluid describes normal stress effects but it does not exhibit the property of shear thinning or thickening for a steady flow. Due to this fact, some experiments may well be described by the fluids of the order three or four. The study of such fluids involves the use of nonlinear equations with increasing complexity for systems that involve substantial non-linear analysis.
Approximate analytical and numerical methods are widely used to solve nonlinear differential equations modelling physical phenomena. This is because exact solutions of these equations are difficult to achieve. The most common and widely used methods for determining analytical approximate solutions of a nonlinear system are perturbation methods. There exist some analytical approaches, such as Lindstedt-Poincare method, the KBM method, Adomian decomposition method, elliptic perturbation method, harmonic balance method [8] [9] [10] , or some iteration procedures [11, 12] . Most of the perturbation methods unfortunately, require the inclusion of a small parameter in the equation. This parameter, if not already specified in the equation, is artificially introduced and finally equated to unity to obtain the solution of the original problem. Recently, He [13] [14] [15] proposed a new perturbation method which is, in fact, a coupling of the traditional perturbation methods and homotopy as used in topology. Some modifications of this method were also reported [16] . Liao [17] [18] [19] [20] [21] [22] employed the basic ideas of the homotopy in topology to propose a general analytical method for non-linear problems, namely homotopy analysis method (HAM). This method has been successfully applied to solve many types of nonlinear problems [23] [24] [25] [26] [27] [28] . The model under study in the present paper is of the fourth grade fluid type, and we have applied the Optimal Homotopy Asymptotic Method in order to analyze the nonlinear behaviour of thin film flow down a vertical cylinder. The fluid under investigation introduces greater nonlinearity in the analysis. The results obtained by the Optimal Homotopy Asymptotic Method were compared with those obtained by numerical simulation and was observed to be in very good agreement. This method is not only valid for small parameters but also provides us with a convenient way to control the convergence of approximation series and demonstrates its validity and potential applicability to solve a wide number of nonlinear problems in science and engineering.
Basic idea of the Optimal Homotopy Asymptotic Method (OHAM)
We applied the Optimal Homotopy Asymptotic Method (OHAM) to the following differential equation:
where L is a linear operator, τ denotes independent variable, (τ) is an unknown function, (τ) is a known function, N( (τ)) is a nonlinear operator and B is a boundary operator.
By application of OHAM a series of equations is derived:
where
nonzero auxiliary function for =0 and
is an unknown function, respectively. Certainly, when = 0 and = 1 it holds
respectively. Thus, as increases from 0 to 1, the solution φ(τ ) varies from u 0 (τ) to the solution (τ), where 0 (τ) is obtained from Eq. (2) for = 0:
We choose auxiliary function H( ) in the form
where C 1 , C 2 , … are constants which can be determined latter. At this point it is necessary to mention that Liao [17] for the first time proposed for Eq. (1) the following family of equations (named zeroth-order deformation equation):
According to [17] HAM provides great freedom and large flexibility to select the non-zero auxiliary parameter¯ , the embedding functions A( ) and B( ), initial approximation 0 (r) and the auxiliary linear operator L. The procedure proposed in our paper is different from the procedure proposed by Liao in [17] because H( ) from Eq. (2) is different from¯ A( ) used in Eq. (6) . H( ) is a more general function depending on m parameters C 1 , C 2 ,…C , which can be determined exactly using a mathematical procedure described below, while in Eq. (6) also proposed by Liao, only one parameter namely¯ is used to adjust and control the convergence of solution series, and this parameter was selected applying a special procedure. Expanding φ(τ ) in a Taylor series with respect to p, one has
Differentiating the zeroth-order deformation Eq. (2), -times with respect to and then dividing them by !, and finally setting = 0, we obtain the governing equation of (τ), i.e.
L(
It should be emphasized that for ≥0 are governed by the linear equations (4) and (9)-(11) with the linear boundary conditions that are derived from the original problem, and can be easily solved. The convergence of the series (7) depends upon the auxiliary constants C 1 , C 2 ,.… If convergence occurs when = 1, one obtains:
Generally speaking, the solution of Eq. (11) can be determined approximately in the form:
Substituting Eq. (13) into Eq. (1), the following residual results:
If R(τ C ) = 0 then ( ) (τ C ) corresponds to the exact solution. Generally such a case will not arise for nonlinear problems, but the functional can be minimized as:
where a and b are two values, depending on the given problem. The unknown constants C ( =1,2,…m) can be identified from the conditions:
With these constants known, the approximate solution (of order m) (13) is well-determined. The functional J can be chosen in another form, for example:
It is easy to observe that so-called Homotopy Perturbation Method (HPM) proposed by He [13] [14] [15] is only a special case of Eq. (2) when H( ) = − , and the Homotopy Analysis Method (HAM) proposed by Liao in [17] [18] [19] [20] [21] [22] is also another special case of Eq. (2) when H( ) = ¯ , where the parameter¯ is determined from so-called "¯ -curves". It can be observed that the method proposed in this paper uses the special (more general) auxiliary function H( ), which depends on m constants C 1 , C 2 , …. C and is useful for adjusting and controlling the convergence of solution series. Another important feature of the proposed method (OHAM) is by that using Eq. (16), errors are minimised.
Application
Consider a fourth grade fluid falling on the outside surface of an infinitely long vertical cylinder of radius R. The flow is considered in thin, uniform, axisymetric film with thickness δ, in contact with stationary air. In cylindrical coordinates, we have [1] , [2] : 
The boundary conditions are:
Eqs. (20) and (21) reduces to
In accordance with equations (23) and (24), the linear operator is chosen as:
and we define a nonlinear operator as:
= 2β
and the function as:
The initial conditions are
Zeroth-order problem given by Eq. (4) is:
It is obtained:
First-order problem given by Eq. (9) is:
The derivative of solution of Eq. (32) subject to condition (33) is given by
Second-order problem given by Eq. (10) for = 2 is:
Substitution of (31) and (34) into (35) and integration of (35) with condition (36) yields the derivative of secondorder solution:
Thus the derivation of solution up to second order is given by (2) (
Substituting the derivation of the solution up to second order (38) into Eq. (24), results in the residual: 
The constants C 1 and C 2 result from the conditions:
In a the particular case when = β=1, = 1 02 (in Ref. [21] , β ≥0.3 is considered a parameter corresponding to strong nonlinearity), from Eqs. (42) and (43) are obtained:
From Eq. (38), the derivation of solution is obtained up to second order in the form: It can be seen from Fig. 1 that the solution obtained by the present method is quasi-identical with that given by the numerical method, demonstrating very good accuracy.
Conclusions
In this paper, a new technique was proposed to solve the nonlinear problem of thin film flow of a fourth grade fluid down a vertical cylinder. This procedure is effective and has a distinct advantage over usual approximation methods in that it proves to be valid not only for weakly nonlinear equations, but also for highly complex nonlinear types. Convergence and errors are remarkable and this method provides a convenient way to control the convergence of approximation series and adjust convergence regions. This is realized using the function H( ), which depends on m coefficients C 1 , C 2 , …, C used for adjusting and controlling the convergence of solution series. These coefficients are determined by the minimum of residual square errors, which is a very rigorous and effective method. The results of the method reveal very good agreement with numerical results.
